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Abstract
In this paper, we study the necessary and sufficient conditions about nested regular tetrahedrons,
and prove that some nests do not form central configurations, some can. The necessary and sufficient
conditions of central configurations are the masses of the inner layer and outer layer must equal,
respectively, and the ratios of masses and distances of inner and outer layer must satisfy an equation.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction and main result
For N  2, the equations of motion of the N -body problem can be written in the form:
q¨k = ∂U(q)
∂qk
, k = 1,2, . . . , n, (1.1)
where
U(q) =
∑
1j<kn
mjmk
|qj − qk| ,
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84 C. Zhu / J. Math. Anal. Appl. 312 (2005) 83–92is Newton potential, qk ∈ R3 is the position of the kth mass mk ∈ R+. In this paper we
consider the problem in the space
X = {q = (q1, q2, . . . , qn) ∈ R3n}.
Because the potential is singular when two particles have the same position, it is nat-
ural to assume that the configuration avoids the set ∆ = {q = (q1, q2, . . . , qn): qi = qj
for some i = j}. The set X \ ∆ is called the configuration space.
Definition. A configuration q = (q1, q2, . . . , qn) ∈ X \ ∆ is called a central configuration
(c.c.) if there exists a constant λ such that
λ(qk − q0) =
∑
j<k
mj (qj − qk)
|qj − qk|3 , k = 1,2, . . . , n, (1.2)
where qk is the position of the kth mass mk , q0 is the center of masses,
q0 =
∑n
j=1 mjqj
M
, (1.3)
M =
n∑
j=1
mj . (1.4)
In this paper, we use the following notation:
q1 =
(
0,0,
√
6
4
)
, (1.5)
q2 =
(
−
√
3
6
,−1
2
,−
√
6
12
)
, (1.6)
q3 =
(√
3
3
,0,−
√
6
12
)
, (1.7)
q4 =
(
−
√
3
6
,
1
2
,−
√
6
12
)
. (1.8)
There is the following result [1]. For arbitrary masses m1,m2,m3,m4, locating at
q1, q2, q3, q4, respectively, they always form central configuration. Zhang and Zhou [2]
have proved the necessary conditions for nested regular polygons solutions of 2N -body
problem. In this paper, we study the spatial nests. We have the following notations:
q1′ = 13 (q2 + q3 + q4) =
(
0,0,−
√
6
12
)
, (1.9)
q2′ = 13 (q1 + q3 + q4) =
(√
3
18
,
1
6
,
√
6
36
)
, (1.10)
q3′ = 1 (q1 + q2 + q4) =
(
−
√
3
,0,
√
6
)
, (1.11)3 9 36
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(√
3
18
,−1
6
,
√
6
36
)
, (1.12)
q1ˆ =
1
2
(q1 + q2) =
(
−
√
3
12
,−1
4
,
√
6
12
)
, (1.13)
q2ˆ =
1
2
(q1 + q3) =
(√
3
6
,0,
√
6
12
)
, (1.14)
q3ˆ =
1
2
(q1 + q4) =
(
−
√
3
12
,
1
4
,
√
6
12
)
, (1.15)
q4ˆ =
1
2
(q2 + q3) =
(√
3
12
,−1
4
,−
√
6
12
)
, (1.16)
q5ˆ =
1
2
(q2 + q4) =
(
−
√
3
6
,0,−
√
6
12
)
, (1.17)
q6ˆ =
1
2
(q3 + q4) =
(√
3
12
,
1
4
,−
√
6
12
)
, (1.18)
q1¯ = aq1 =
(
0,0,
√
6
4
a
)
, (1.19)
q2¯ = aq2 =
(
−
√
3
6
a,−1
2
a,−
√
6
12
a
)
, (1.20)
q3¯ = aq3 =
(√
3
3
a,0,−
√
6
12
a
)
, (1.21)
q4¯ = aq4 =
(
−
√
3
6
a,
1
2
a,−
√
6
12
a
)
. (1.22)
Then we have the following results.
Theorem 1. Let m1,m2,m3,m4 and m1′ ,m2′ ,m3′ ,m4′ locate at q1, q2, q3, q4 and
q1′ , q2′ , q3′ , q4′ , respectively. Then they cannot form central configuration.
That is, at each vertex of the regular tetrahedron and the center of each surface of it, if
we locate a mass point, then they cannot form a central configuration.
Theorem 2. Let m1,m2,m3,m4 and m1ˆ,m2ˆ,m3ˆ,m4ˆ,m5ˆ,m6ˆ locate at q1, q2, q3, q4 and
q1ˆ, q2ˆ, q3ˆ, q4ˆ, q5ˆ, q6ˆ, respectively. Then they cannot form central configuration.
That is, at each vertex of regular tetrahedron and the midpoint of each side of it, we
locate a mass point, then they cannot form central configuration.
Theorem 3. Let m1,m2,m3,m4 and m1¯,m2¯,m3¯,m4¯ locate at q1, q2, q3, q4 and q1¯, q2¯, q3¯,
q4¯. Then they form a central configuration if and only if :
(1) m1 = m2 = m3 = m4,m¯ = m¯ = m¯ = m¯ ;1 2 3 4
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b = 24
√
3(3a + 1)(3a2 + 2a + 3)−3/2 − 8(1 − a)|1 − a|−3 − 3√6a
24
√
3a(a + 3)(3a2 + 2a + 3)−3/2 − 8a(a − 1)|a − 1|−3 − 3√6a−2
and for any a ∈ (0,0.5375)∪ (1.88999,+∞), there is only one b ∈ (0,+∞) satisfying
the last equality; for any b ∈ (0,+∞), there are two values of a, one is in (0,0.5375),
the other is in (1.88999,+∞), satisfying the last equality.
2. Proof of Theorem 1
If the conclusion is false, that is, they can form a central configuration, we have λ ∈ R,
such that
λ(q1 − q0) =
4∑
i=2
mi(qi − q1)
|qi − q1|3 +
4∑
j=1
mj ′(qj ′ − q1)
|qj ′ − q1|3 , (2.1)
λ(q1′ − q0) =
4∑
i=1
mi(qi − q1′)
|qi − q1′ |3 +
4∑
j=2
mj ′(qj ′ − q1′)
|qj ′ − q1′ |3 , (2.2)
q0 =
(
∑4
i=1 miqi +
∑4
j=1 mj ′qj ′)
M
, M =
4∑
i=1
mi +
4∑
j=1
mj ′ . (2.3)
Without loss of generality, we let M = 1, then
q0 =
4∑
i=1
miqi +
4∑
j=1
mj ′qj ′ . (2.4)
From (2.4) we have:
m2q2 + m3q3 + m4q4 = q0 − m1q1 −
4∑
j=1
mj ′qj ′ . (2.5)
From (2.1) we have:
λ(q1 − q0) = m2q2 + m3q3 + m4q4 − m2q1 − m3q1 − m4q1 +
4∑
j=1
mj ′(qj ′ − q1)
|qj ′ − q1|3 .
(2.6)
Substituting (2.5) into (2.6) we have:
λ(q1 − q0) = q0 − m1q1 −
4∑
j=1
mj ′qj ′ −
4∑
i=2
miq1 +
4∑
j=2
m3
j ′√
3/3
(qj ′ − q1)
+ m
3
1′√ (q1′ − q1). (2.7)6/3
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q1
(
λ +
4∑
i=1
mi +
4∑
j=2
9√
3
mj ′ + 92√6
)
+ q1′ 2
√
6 − 9
2
√
6
m1′ + q4′
√
3 − 9√
3
m4′
]
+
[
q2′
√
3 − 9√
3
m2′ + q3′
√
3 − 9√
3
m3′
]
+ [q0(−λ − 1)]= 0. (2.8)
Assume S(qi, qj ) is the plane formed by vectors qi and qj . We notice that q1 and q1′
are collinear. Let q1, q1′ , q4′ and q2′ , q3′ form the planes S1(q1, q1′ , q4′) and S2(q2′ , q3′),
respectively. Let
q1
(
λ +
4∑
i=1
mi +
4∑
j=2
9√
3
mj ′ + 92√6
)
+ q1′ 2
√
6 − 9
2
√
6
m1′ + q4′
√
3 − 9√
3
m4′
= x1P1, (2.9)
q2′
√
3 − 9√
3
m2′ + q3′
√
3 − 9√
3
m3′ = y1Q1, (2.10)
q0(−λ − 1) = z1R1, (2.11)
where P1,Q1,R1 are unit vectors, x1, y1, z1 are scalar. From (2.8)–(2.11), we have
x1P1 + y1Q1 + z1R1 = 0. (2.12)
Then we have the following conclusion.
(1) Let P1 and Q1 are collinear. Let
S1 ∩ S2 = L1, (2.13)
L1 is the intersecting line of S1 and S2. Then P1 and Q1 lie on L1. Because of the symmetry
of q2′ and q3′ about L1 in the plane S2(q2′ , q3′), from (2.10) we have√
3 − 9√
3
m2′ =
√
3 − 9√
3
m3′ . (2.14)
So
m2′ = m3′ . (2.15)
Using the same method, we have
m1′ = m2′ = m3′ = m4′ , (2.16)
m1 = m2 = m3 = m4. (2.17)
(2) Let P1 and Q1 are not collinear. Then P1 and Q1 can form a plane S(P1,Q1).
(i) R1 ⊂ S(P1,Q1).
From (2.12) we have
x1 = y1 = z1 = 0. (2.18)
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q2′m2′ + q3′m3′ = 0. (2.19)
If q2′ and q3′ are not collinear then
m2′ = m3′ = 0. (2.20)
This is a contradiction.
(ii) R2 ⊂ S(P1,Q1).
From (2.8) we have other forms:[
q1
(
λ +
4∑
i=1
mi +
4∑
j=2
9√
3
mj ′ + 92√6
)
+ q1′ 2
√
6 − 9
2
√
6
m1′ + q2′
√
3 − 9√
3
m2′
]
+
[
q4′
√
3 − 9√
3
m4′ + q3′
√
3 − 9√
3
m3′
]
+
[
q0(−λ − 1)
]
= 0, (2.21)
[
q1
(
λ +
4∑
i=1
mi +
4∑
j=2
9√
3
mj ′ + 92√6
)
+ q1′ 2
√
6 − 9
2
√
6
m1′ + q3′
√
3 − 9√
3
m3′
]
+
[
q2′
√
3 − 9√
3
m2′ + q4′
√
3 − 9√
3
m4′
]
+
[
q0(−λ − 1)
]
= 0. (2.22)
Let
q1
(
λ +
4∑
i=1
mi +
4∑
j=2
9√
3
mj ′ + 92√6
)
+ q1′ 2
√
6 − 9
2
√
6
m1′
+ q2′
√
3 − 9√
3
m2′ = x2P2, (2.23)
q4′
√
3 − 9√
3
m4′ + q3′
√
3 − 9√
3
m3′ = y2Q2, (2.24)
q1
(
λ +
4∑
i=1
mi +
4∑
j=2
9√
3
mj ′ + 92√6
)
+ q1′ 2
√
6 − 9
2
√
6
m1′
+ q3′
√
3 − 9√
3
m3′ = x3P3, (2.25)
q2′
√
3 − 9√
3
m2′ + q4′
√
3 − 9√
3
m4′ = y3Q3. (2.26)
Then from (2.11)–(2.26) we have:
x2P2 + y2Q2 + z1R1 = 0, (2.27)
x3P3 + y3Q3 + z1R1 = 0. (2.28)
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are not collinear, respectively. Then we have planes of S(P2,Q2) and S(P3,Q3).
If R1 does not lie in S(P2,Q2) or S(P3,Q3) we have from (i),
m3′ = m4′ = 0 or m2′ = m4′ = 0. (2.29)
It is a contradiction.
Let R1 ⊂ S(P2,Q2) and R1 ⊂ S(P3,Q3). But
S(P1,Q1) ∩ S(P2,Q2) ∩ S(P3,Q3) = 0. (2.30)
Then
z1R1 = 0 (2.31)
and from (2.12) we have
x1P1 + y1Q1 = 0. (2.32)
By assumption (2) we have
x1 = y1 = 0. (2.33)
From (2.10) we have
q2′
√
3 − 9√
3
m2′ + q3′
√
3 − 9√
3
m3′ = 0. (2.34)
Because q2′ and q3′ are not collinear,
m2′ = m3′ = 0. (2.35)
This is a contradiction. From the above discussion we can conclude the following:
m1 = m2 = m3 = m4 = m,m1′ = m2′ = m3′ = m4′ = m′. (2.36)
Substituting (2.36) into (2.1)–(2.3), we have
q0 = 0, (2.37)
λq1 =
4∑
i=2
m(qi − q1)
|qi − q1|3 +
4∑
j=1
m′(qj ′ − q1)
|qj ′ − q1|3 , (2.38)
λq1′ =
4∑
i=1
m(qi − q1′)
|qi − q1′ |3 +
4∑
j=2
m′(qj ′ − q1′)
|qj ′ − q1′ |3 . (2.39)
Multiplying (2.38) and (2.39) by (0,0,1), using (1.5)–(1.12) we have:
λ
4
= −m −
(
6√
3
+ 3
2
√
6
)
m′, (2.40)
− λ
12
= 3m
2
√
6
+ 9m′. (2.41)
Let
m′ = b.
m
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b = 2
√
6 − 9
54
√
6 − 12√2 − 3 < 0. (2.42)
It is a contradiction.
From the above discussion, we can conclude that, if m1,m2,m3,m4 and m1′ ,m2′ ,m3′ ,
m4′ locating at q1, q2, q3, q4 and q1′ , q2′ , q3′ , q4′ , respectively, can form a central configu-
ration, there is always a contradiction. So they can not form a central configuration. This
ends the proof of Theorem 1.
3. Proof of Theorem 2
If points m1,m2,m3,m4 and m1ˆ,m2ˆ,m3ˆ,m4ˆ,m5ˆ,m6ˆ form a central configuration, then
we have λ ∈ R such that
λ(q1 − q0) =
4∑
i=2
mi(qi − q1)
|qi − q1|3 +
6∑
j=1
m
jˆ
(q
jˆ
− q1)
|q
jˆ
− q1|3 , (3.1)
λ(q1ˆ − q0) =
4∑
i=1
mi(qi − q1ˆ)
|qi − q1ˆ|3
+
6∑
j=2
m
jˆ
(q
jˆ
− q1ˆ)
|q
jˆ
− q1ˆ|3
, (3.2)
q0 =
(
∑4
i=1 miqi +
∑6
j=1 mjˆqjˆ )
M
, (3.3)
M =
4∑
i=1
mi +
6∑
j=1
m
jˆ
. (3.4)
Without loss of generality, we let M = 1, then
q0 =
4∑
i=1
miqi +
6∑
j=1
m
jˆ
q
jˆ
. (3.5)
Using (3.1), (3.2), (3.5) and the same method of the proof as of Theorem 1, we have
m1 = m2 = m3 = m4 = m, (3.6)
m1ˆ = m2ˆ = m3ˆ = m4ˆ = m5ˆ = m6ˆ = mˆ. (3.7)
Substituting (3.6), (3.7) into (3.1), (3.2), (3.5) we have
q0 = 0, (3.8)
λq1 =
4∑
i=2
m(qi − q1)
|qi − q1|3 +
6∑
j=1
mˆ(q
jˆ
− q1)
|q
jˆ
− q1|3 , (3.9)
λq1ˆ =
4∑ mi(qi − q1ˆ)
|qi − q1ˆ|3
+
6∑ m
jˆ
(q
jˆ
− q1ˆ)
|q
jˆ
− q1ˆ|3
. (3.10)
i=1 j=2
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λ
4
= −m −
(
4 + 8
3
√
2
)
mˆ, (3.11)
λ
12
= −m 8
9
√
3
−
(
8
3
+ 2
3
√
2
)
mˆ. (3.12)
Let mˆ/m = b. Then using (3.11), (3.12) we have
b = 3
√
6 − 8√2
12
√
6 + 6√3 − 8√12 < 0. (3.13)
It is a contradiction. This completes the proof of Theorem 2.
4. Proof of Theorem 3
If points m1,m2,m3,m4 and m1¯,m2¯,m3¯,m4¯ form a central configuration, then we have
λ ∈ R such that
λ(q1 − q0) =
4∑
i=2
mi(qi − q1)
|qi − q1|3 +
4∑
j=1
mj¯ (qj¯ − q1)
|qj¯ − q1|3
, (4.1)
λ(q1¯ − q0) =
4∑
i=1
mi(qi − q1¯)
|qi − q1¯|3
+
4∑
j=2
mj¯ (qj¯ − q1¯)
|qj¯ − q1¯|3
, (4.2)
q0 =
(
∑4
i=1 miqi +
∑4
j=1 mj¯qj¯ )
M
, (4.3)
M =
4∑
i=1
mi +
4∑
j=1
mj¯ . (4.4)
Without loss of generality, let M = 1. Then
q0 =
4∑
i=1
miqi +
4∑
j=1
mj¯qj¯ . (4.5)
Using (4.1), (4.2), (4.5) and the same method of the proof as of Theorem 1, we have
m1 = m2 = m3 = m4 = m, (4.6)
m1¯ = m2¯ = m3¯ = m4¯ = m¯. (4.7)
Substituting (4.6), (4.7) into (4.1), (4.2), (4.5) we have
q0 = 0, (4.8)
λq1 =
4∑ m(qi − q1)
|qi − q1|3 +
4∑ m¯(qj¯ − q1)
|qj¯ − q1|3
, (4.9)i=2 j=1
92 C. Zhu / J. Math. Anal. Appl. 312 (2005) 83–92λq1¯ =
4∑
i=1
mi(qi − q1¯)
|qi − q1¯|3
+
4∑
j=2
mj¯ (qj¯ − q1¯)
|qj¯ − q1¯|3
. (4.10)
We notice a = 0, or they collide, then using (1.5), (1.19), (4.9), (4.10) we have
4∑
i=2
am(qi − q1)
|qi − q1|3 +
4∑
j=1
am¯(qj¯ − q1)
|qj¯ − q1|3
=
4∑
i=1
m(qi − q1¯)
|qi − q1¯|3
+
4∑
j=2
m¯(qj¯ − q1¯)
|qj¯ − q1¯|3
. (4.11)
Multiplying (4.11) by (0,0,1) we have
−√6am + 8
3
a(a − 1)|a − 1|−3m¯ − 8√3a(a + 3)(3a2 + 2a + 3)−3/2m¯
= 8
3
(1 − a)|1 − a|−3m − 8√3(3a + 1)(3a2 + 2a + 3)−3/2m − √6a−2m¯. (4.12)
Let m¯/m = b. Using (4.12) we have
b = 24
√
3(3a + 1)(3a2 + 2a + 3)−3/2 − 8(1 − a)|1 − a|−3 − 3√6a
24
√
3a(a + 3)(3a2 + 2a + 3)−3/2 − 8a(a − 1)|a − 1|−3 − 3√6a−2 . (4.13)
Let b be a function of a. Through tedious and complex computations, we have the
following results:
(i) When a ∈ (0,0.5375) or (1.88999,+∞), then b ∈ (0,+∞). It is that, when a ∈
(0,0.5375) ∪ (1.88999,+∞), there always exists a central configuration.
(ii) When a ∈ (0,0.5375) or (1.88999,+∞), then b is always an increasing function of a.
We can conclude, for a given b ∈ (0,+∞) there are two values which satisfy the last
equality. So there exist two central configurations, one is a ∈ (0,0.5375), and another
is a ∈ (1.88999,+∞).
Obviously, every step is inverse. This completes the proof of Theorem 3.
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